
Hafta 4
Bayes Teoremi



Hafta 3 Tekrar Sorusu



Bağımsız ve Bağdaşmaz (Ayrık) Olaylar

Örnek: Yazı-Tura deneyi iki kez tekrarlanıyor. 𝑃 𝑌 =
1

3
ℎ𝑖𝑙𝑒𝑙𝑖 𝑝𝑎𝑟𝑎 olduğuna 

göre en az bir tura gelme olasılığı nedir? 

𝑃 Ω = 𝑃 𝑌, 𝑇 = 1

𝑃 𝑌 =
1

3
, 𝑃 𝑇 = 1 −

1

3
=
2

3

Y1

T1

Y2

T2

Y2

T2

𝑌1 ∩ 𝑌2 = 𝑌1𝑌2

𝑌1 ∩ 𝑇2 = 𝑌1𝑇2

𝑇1 ∩ 𝑌2 = 𝑇1𝑌2

𝑇1 ∩ 𝑇2 = 𝑇1𝑇2

𝐴 = 𝑌1𝑇2, 𝑇1𝑌2, 𝑇1𝑇2 = 𝑃 𝐴 ≠
𝐴

Ω
(eşit olas𝚤l𝚤ğa sahip olmad𝚤ğ𝚤ndan)



Bağımsız ve Bağdaşmaz (Ayrık) Olaylar

𝐴 = 𝑌1𝑇2, 𝑇1𝑌2, 𝑇1𝑇2 = 𝑃 𝐴 ≠
𝐴

Ω
(eşit olas𝚤l𝚤ğa sahip olmad𝚤ğ𝚤ndan)

𝐴 = 𝑌1𝑇2, 𝑇1𝑌2, 𝑇1𝑇2 = 𝑃 𝐴 = 𝑃{𝑌1𝑇2, 𝑇1𝑌2, 𝑇1𝑇2}

𝑃 𝐴 = 𝑃 𝑌1𝑇2 + 𝑃 𝑇1𝑌2 + 𝑃{𝑇1𝑇2}

? ? ?



Bağımsız ve Bağdaşmaz (Ayrık) Olaylar

Y1

T1

Y2

T2

Y2

T2

𝑌1 ∩ 𝑌2 = 𝑌1𝑌2

𝑌1 ∩ 𝑇2 = 𝑌1𝑇2

𝑇1 ∩ 𝑌2 = 𝑇1𝑌2

𝑇1 ∩ 𝑇2 = 𝑇1𝑇2 𝑃 𝑌1𝑌2 = 𝑃 𝑌1 . 𝑃(𝑌2)
(Bağımsız Olay)

𝑃 𝑌1𝑌2 =
1

3
𝑥
1

3
=
1

9

𝑃 𝑌1 ∩ 𝑌2 = 𝑃 𝑌1𝑌2 = 𝑃 𝑌1 . 𝑃(𝑌2ห𝑌1)

𝑃 𝐴 = 𝑃 𝑌1𝑇2 + 𝑃 𝑇1𝑌2 + 𝑃{𝑇1𝑇2}

? ? ?

1

3
𝑃 𝑌2 =

1

3



Bağımsız ve Bağdaşmaz (Ayrık) Olaylar

Ω = {𝑌1𝑌2, 𝑌1𝑇2, 𝑇1𝑌2, 𝑇1𝑇2}

1

9

2

9

𝑃 𝑌1𝑇2 =
1

3
𝑥
2

3
=
2

9
2

9

4

9

𝐴 = 𝑌1𝑇2, 𝑇1𝑌2, 𝑇1𝑇2 = 𝑃 𝐴 ≠
𝐴

Ω
(eşit olas𝚤l𝚤ğa sahip olmad𝚤ğ𝚤ndan)

𝑃 𝐴 = 𝑃 𝑌1𝑇2 + 𝑃 𝑇1𝑌2 + 𝑃 𝑇1𝑇2 =
2

9
+
2

9
+
4

9
=
8

9



Bayes Teoremi - 

Sezgisel



100 insan 99 1

100 insan 1 99

Bayes Teoremi: Sezgisel

1,000,000 insan 1 / 10,000 insan

99% Doğruluk

Hasta Tespit Edildi Sağlıklı Tespit Edildi

Test sonucunuza göre hasta olduğunuz

VERİLDİĞİNDE hasta olma olasılığı?

Test Sonucu Hasta



Bayes Teoremi: Sezgisel

999,900

100

Sağlıklı

Hasta

1,000,000 insan

test



Bayes Teoremi: Sezgisel

989,901

1

Hasta Teşhisi 

Konulmuş

Sağlıklı Teşhisi 

Konulmuş

99

Sağlıklı

Hasta

9,999

1,000,000 insan



Bayes Teoremi: Sezgisel

989,901

199

Sağlıklı

Hasta

9,999

P(hasta | hasta teşhis edildi) =

1,000,000 insan

Hasta Teşhisi 

Konulmuş

Sağlıklı Teşhisi 

Konulmuş



Bayes Teoremi: Sezgisel

989,901

1

Diagnosed 

Sick

Diagnosed 

Healthy

99

Healthy

Sick

9,999

P(sick | diagnosed sick) =

1,000,000 insan



Bayes Teoremi: Sezgisel
Diagnosed 

Sick

99

Healthy

Sick

9,999

=
99

99 +  9999

=
99

10098
=  0.0098

9,999

99

99

9999

9,999

P(sick | diagnosed sick) =

=
sick and diagnosed sick

sick and diagnosed sick + healthy and diagnosed sick



Bayes Teoremi: Sezgisel

P(sick | diagnosed sick) =

9,999

99

99

=
sick and diagnosed sick

everyone diagnosed sick

sick and diagnosed sick
=

sick and diagnosed sick + healthy and diagnosed sick



Bayes Teoremi: Sezgisel

sick =  100

healthy =  999,900

sick and diagnosed sick =  99

diagnosed sick | healthy =  1%1,000,000

people

All 
diagnosed 
sick

diagnosed sick | sick =  99%

diagnosed healthy | sick =  1%

sick and diagnosed healthy =  1

healthy and diagnosed sick =  9,999

diagnosed healthy | healthy =  99%

healthy and diagnosed healthy =  989,901



sick =  100

healthy =  999,900

sick and diagnosed sick =  99

diagnosed sick | healthy =  1%1,000,000

people

All 
diagnosed 
sick

diagnosed sick | sick =  99%

diagnosed healthy | sick =  1%

sick and diagnosed healthy =  1

healthy and diagnosed sick =  9,999

diagnosed healthy | healthy =  99%

healthy and diagnosed healthy =  989,901

Bayes Teoremi: Sezgisel



Bayes Teoremi: Sezgisel

P(sick | diagnosed sick) =
99

10098
=  0.0098

P(sick | diagnosed sick) =

+

P(sick | diagnosed sick) =
healthy and diagnosed sick =  9,999 +  sick and diagnosed sick =  99

sick and diagnosed sick =  99



Bayes Teorem – 

Matematiksel Formül



Bayes Teorem: Formül

Test sonucunuzun pozitif 
olduğu VERİLDİĞİNDE hasta 
olma olasılığınız nedir

100 people 99 1

100 people 1 99

1,000,000 people 1 / 10,000 people

99% Effective

Diagnosed Sick Diagnosed Healthy

Tested Sick



Bayes Teorem: Formül

1,000,000 1 / 10,000 99% Effective

P(not sick) =  99.99%

P(diagnosed sick | sick) =  99%

P(diagnosed sick | not sick) =  1%

P(sick) =  0.01%

P(sick | diagnosed sick) =  ?

Test sonucunuzun pozitif olduğu
VERİLDİĞİNDE hasta olma olasılığınız 
nedir

teste göre



Bayes Teorem: Formül

P(sick | diagnosed sick) =  ?

P(sick) =  0.01%

P(not sick) =  99.99% 

P(diagnosed sick | sick) =  99% 

P(diagnosed sick | not sick) =  1%

: sick (hasta)

: diagnosed sick (hasta teşhisi konmuş) 

P(A | B) =  ?

P(A | B) =  
P(A ∩ B)

P(B)

From Conditional Probability

P(A | B) =
P(sick and diagnosed sick)

P(diagnosed sick)

A

B



Bayes Teorem: Formül

P(A | B) =
P(A ∩ B)

P(B)

P(sick and diagnosed sick)

P(sick and diagnosed sick) =  ?

P(diagnosed sick) =  ?

BAYES THEOREM FORMULA CAN HELP

: sick

: diagnosed sick

P(sick | diagnosed sick) =  ?

P(sick) =  0.01%

P(not sick) =  99.99% 

P(diagnosed sick | sick) =  99% 

P(diagnosed sick | not sick) =  1%

P(A | B) =
P(diagnosed sick)

A

B



Bayes Teorem: Formül

P(diagnosed sick) =  ?
P(sick | diagnosed sick) =  ?

P(sick) =  0.01%

P(not sick) =  99.99% 

P(diagnosed sick | sick) =  99% 

P(diagnosed sick | not sick) =  1% P(A ∩ B) =  P(A) ⋅ P(B | A)

From Conditional Probability

P(sick and diagnosed sick) =  P(sick) ⋅P(diagnosed sick | sick)

: sick

: diagnosed sick

P(A | B) =
P(A ∩ B)

P(B)

P(sick and diagnosed sick) =  ?
P(A | B) =

A

B

P(A | B) = P(sick |diagnosed sick)



Bayes Teorem: Formül

P(diagnosed sick) =  ?
P(sick | diagnosed sick) =  ?

P(sick) =  0.01%

P(not sick) =  99.99% 

P(diagnosed sick | sick) =  99% 

P(diagnosed sick | not sick) =  1%

: sick

: diagnosed sick

P(A | B) =
P(A ∩ B)

P(B)

P(A | B) =   P(sick) ⋅P(diagnosed sick | sick)

A

B



Bayes Teorem: Formül

sick =  100

healthy =  999,900

sick and diagnosed sick =  99

diagnosed sick | healthy =  1%1,000,000

people

diagnosed healthy | sick =  1%

sick and diagnosed healthy =  1

healthy and diagnosed sick =  9,999

diagnosed healthy | healthy =  99%

healthy and diagnosed healthy =  989,901

diagnosed sick | sick =  99%



Bayes Teorem: Formül

sick =  100
sick and diagnosed sick =  99

1,000,000

people

diagnosed sick | sick =  99%



Bayes Teorem: Formül

P(diagnosed sick) =  ?
P(sick | diagnosed sick) =  ?

P(sick) =  0.01%

P(not sick) =  99.99% 

P(diagnosed sick | sick) =  99% 

P(diagnosed sick | not sick) =  1%

P(diagnosed sick) =

: sick

: diagnosed sick

P(A | B) =
P(A ∩ B)

P(B)

P(A | B) =   P(sick) ⋅P(diagnosed sick | sick)

A

B



Bayes Teorem: Formül

P(diagnosed sick) =

sick =  100

healthy =  999,900

1,000,000
people

healthy and diagnosed healthy =  989,901

sick and diagnosed sick =  99

diagnosed healthy | sick =  1%

sick and diagnosed healthy =  1

diagnosed sick | healthy =  1%

healthy and diagnosed sick =  9,999

diagnosed healthy | healthy =  99%

diagnosed sick | sick =  99%

Diagnosed Sick

99

Healthy

Sick

9,999

P(sick ∩ diagnosed sick) +  P(not sick ∩ diagnosed sick)



Bayes Teorem: Formül

P(diagnosed sick) =  ?

P(diagnosed sick) =  P(sick ∩ diagnosed sick) +  P(not sick ∩ diagnosed sick)

P(sick) ⋅P(diagnosed sick | sick)

: sick

: diagnosed sick

P(A | B) =
P(A ∩ B)

P(B)

P(A | B) =

A

B



Bayes Teorem: Formül

P(sick) ⋅P(diagnosed sick | sick)

P(sick ∩ diagnosed sick) +  P(not sick ∩ diagnosed sick)

: sick

: diagnosed sick

P(A | B) =
P(A ∩ B)

P(B)

P(A | B) =

A

B



Bayes Teorem: Formül

P(A | B) =
P(sick) ⋅P(diagnosed sick | sick)

P(sick ∩ diagnosed sick) +  P(not sick ∩ diagnosed sick)

P(sick ∩ diagnosed sick) =  P(A ∩ B)

= P(sick) P(diagnosed sick | sick)

P(not sick ∩ diagnosed sick) =  P(A′ ∩ B)

=  P(not sick) P(diagnosed sick | not sick)

: sick

: diagnosed sick

P(A | B) =
P(A ∩ B)

P(B)
A

B

.

.



Bayes Teorem: Formül

P(A | B) =
P(sick) ⋅P(diagnosed sick | sick)

P(sick) P(diagnosed sick | sick) +  P(not sick) P(diagnosed sick | not sick)

P(sick) =  0.01%

P(not sick) =  99.99%

P(diagnosed sick | sick) =  99%

P(diagnosed sick | not sick) =  1%
BAYES THEOREM 

FORMULA

?: sick

: diagnosed sick

P(A | B) =
P(A ∩ B)

P(B)
A

B

. .



Bayes Teorem: Formül

P(sick) P(diagnosed sick | sick)

+P(sick) P(diagnosed sick | sick) P(not sick) P(diagnosed sick | not sick)

P(diagnosed sick | sick) =  99%

P(sick) =  1%

P(not sick) =  99%

P(diagnosed sick | not sick) =  1%
BAYES THEOREM 

FORMULA

P(A) = 0.01%

P(A′) = 99.99%

P(B | A) = 99%

P(B | A′) = 1%

P(A) P(B | A)

P(A) P(B | A) P(A′)

: sick

: diagnosed sick

P(A | B) =
P(B | A′)

P(A | B) =
P(A ∩ B)

P(B)
A

B

.
. .+



Bayes Teorem: Formül

P(sick) P(diagnosed sick | sick)

+P(sick) P(diagnosed sick | sick) P(not sick) P(diagnosed sick | not sick)

P(diagnosed sick | sick) =  99%

P(sick) =  1%

P(not sick) =  99%

P(diagnosed sick | not sick) =  1%

P(A) = 0.01%

P(A′) = 99.99%

P(B | A) = 99%

P(B | A′) = 1%

P(A) P(B | A)

P(A) P(B | A) P(A′)
P(A | B) =

P(B | A′)

.
. .+



Bayes Teorem: Formül



Bayes Teorem: Formül

: diagnosed sick

P(A | B) =  
P(A) ⋅ P(B |A)

P(A) ⋅ P(B | A) +  P(A′) ⋅ P(B | A′)

BAYES THEOREM 
FORMULA

0.0001 × 0.99
P(A | B) =

(0.0001 × 0.99) +  (0.9999 × 0.01)

: sick P(A | B) =
P(A ∩ B)

P(B)

P(A) = 0.01%

P(A′) = 99.99%

P(B | A) = 99%

P(B | A′) = 1% P(A | B) =  0.0098

A

B



(Hatırlatma) Bayes Teoremi: Sezgisel
Diagnosed 

Sick

99

Healthy

Sick

9,999

=
99

99 +  9999

=
99

10098
=  0.0098

9,999

99

99

9999

9,999

P(sick | diagnosed sick) =

=
sick and diagnosed sick

sick and diagnosed sick + healthy and diagnosed sick



Bayes Teoremi: Sezgisel

P(sick | diagnosed sick) =

9,999

99

99

=
sick and diagnosed sick

everyone diagnosed sick

sick and diagnosed sick
=

sick and diagnosed sick + healthy and diagnosed sick



Bayes Teoremi: Sezgisel

sick =  100

healthy =  999,900

sick and diagnosed sick =  99

diagnosed sick | healthy =  1%1,000,000

people

All 
diagnosed 
sick

diagnosed sick | sick =  99%

diagnosed healthy | sick =  1%

sick and diagnosed healthy =  1

healthy and diagnosed sick =  9,999

diagnosed healthy | healthy =  99%

healthy and diagnosed healthy =  989,901



sick =  100

healthy =  999,900

sick and diagnosed sick =  99

diagnosed sick | healthy =  1%1,000,000

people

All 
diagnosed 
sick

diagnosed sick | sick =  99%

diagnosed healthy | sick =  1%

sick and diagnosed healthy =  1

healthy and diagnosed sick =  9,999

diagnosed healthy | healthy =  99%

healthy and diagnosed healthy =  989,901

Bayes Teoremi: Sezgisel



Bayes Teoremi: Sezgisel

P(sick | diagnosed sick) =
99

10098
=  0.0098

P(sick | diagnosed sick) =

+

P(sick | diagnosed sick) =
healthy and diagnosed sick =  9,999 +  sick and diagnosed sick =  99

sick and diagnosed sick =  99



Bayes Teorem - 

Spam Örneği



Bayes Teorem: Spam Örneği



Bayes Teorem: Spam Örneği

20 spam 80 not spam (ham)

“lottery”

“piyango”



Bayes Teorem: Spam Örneği

20 spam 80 not spam (ham)

Piyango (lottery) kelimesi 
içeren bir e-postanın spam 
olma olasılığı nedir?

P(spam | lottery)

14

10



Bayes Teorem: Spam Örneği (Sezgisel Çözüm)

P(spam | lottery)

24 emails
containing lottery

(piyango içeriyor)

14 10

P(spam | lottery) =
spam and lottery

all lottery

14
=

24

7
= =  0.583

12

P(A | B) =  
P(A ∩ B)

P(B)

A: spam

B: lottery



Bayes Teorem: Spam Örneği (Formülsel Çözüm)

P(spam | lottery)

P(A | B) =  
P(A) ⋅ P(B | A) 

P(A) ⋅ P(B | A) +  P(A′) ⋅ P(B | A′)

P(spam | lottery) =

A: Email is spam B: Email contains lottery

P(spam) ⋅ P(lottery | spam)

P(spam) ⋅ P(lottery | spam) +  P(not spam) ⋅ P(lottery | not spam)



Bayes Teorem: Spam Örneği (Formülsel Çözüm)

20 spam 80 not spam (ham)

10

14
P(spam) =

20

100
=  0.2

P(not spam) =
80

100
=  0.8

P(lottery | spam) =
14

20
=  0.7

P(lottery | not spam) =
10

80
=  0.125



Bayes Teorem: Spam Örneği (Formülsel Çözüm)

P(spam | lottery) =
P(spam) ⋅ P(lottery | spam)

P(spam) ⋅ P(lottery | spam) +  P(not spam) ⋅ P(lottery | not spam)

P(spam) =  0.2

P(not spam) =  0.8

P(lottery | spam) =  0.7

P(lottery | not spam) =  0.125

P(spam | lottery) =
0.2 × 0.7

(0.2 × 0.7) +  (0.8 × 0.125)
=  0.583



Bayes Teorem: Spam Örneği (Formülsel Çözüm)

P(spam | lottery) =
P(spam) ⋅ P(lottery | spam)

P(spam) ⋅ P(lottery | spam) +  P(not spam) ⋅ P(lottery | not spam)

P(spam) =  0.2

P(not spam) =  0.8

P(lottery | spam) =  0.7

P(lottery | not spam) =  0.125



Bayes Teorem: Spam Örneği (Formülsel Çözüm)

P(spam | lottery) =
P(spam) ⋅ P(lottery | spam)

P(spam) ⋅ P(lottery | spam) +  P(not spam) ⋅ P(lottery | not spam)

P(spam) =  0.2

P(not spam) =  0.8

P(lottery | spam) =  0.7

P(lottery | not spam) =  0.125

𝑃(𝐴 ∩ 𝐵)

𝑃(𝐵)



Bayes Teorem - 

Prior ve Posterior



Bayes Teorem

PRIOR EVENT POSTERIOR

P(A) E P(A | E )



Prior ve Posterior
EVENT POSTERIOR

P(spam | lottery) =
+

P(spam) =
+

PRIOR

spam

email

ham
Email contains lottery

ham

spam and lottery

lottery

ham and lottery

no lottery

spam and no lottery

spam and no lottery

no lottery



Prior ve Posterior

Tıbbi örnekte, bir önceki (prior) ve bir sonraki (posterior) olasılık vardı. Önceki, 

ilk hasta olma olasılığıydı. Olay pozitif teşhis edildiği gerçeğidir. Sonraki ise, 

pozitif teşhis koyduğunuz göz önüne alındığında hasta olma olasılığınızdı.



Prior ve Posterior
PRIOR EVENT POSTERIOR

1,1 1,2 1,3 1,4 1,5 1,6

2,1 2,2 2,3 2,4 2,5 2,6

3,1 3,2 3,3 3,4 3,5 3,6

4,1 4,2 4,3 4,4 4,5 4,6

5,1 5,2 5,3 5,4 5,5 5,6

6,1 6,2 6,3 6,4 6,5 6,6

P(sum = 10) =
3

36

1,1 1,2 1,3 1,4 1,5 1,6

2,1 2,2 2,3 2,4 2,5 2,6

3,1 3,2 3,3 3,4 3,5 3,6

4,1 4,2 4,3 4,4 4,5 4,6

5,1 5,2 5,3 5,4 5,5 5,6

6,1 6,2 6,3 6,4 6,5 6,6

P(sum = 10 | 1st is 6) =  
1

6

?

1st dice is 6

olaydan sonra örnek uzay değişir



Prior ve Posterior
PRIOR EVENT POSTERIOR

P(HH ) =
1

4
P(HH | 1st is H ) =

1

2

1st H

2nd H

H H H T

T2nd

T1st

H HH H H T

T H T T

1st H

2nd H

H H H T

T2nd

T1st

H HH H H T

T H T T

H ?

1st coin is



Bayes Teorem

Naive Bayes Model



2 Olay?
PRIOR EVENT POSTERIOR

Email contains ‘lottery’

Email contains ‘winning'

P(spam | lottery) =
+

P(spam) =
+

P(spam | winning) =
+

Email contains ‘lottery’ and ‘winning’ ?



2 Olay?
POSTERIOR

P(spam | lottery & winning) =
+

EVENT

P(spam | lottery & winning) =
P(spam) ⋅ P(lottery & winning | spam) +  P(ham) ⋅ P(lottery & winning | ham)

?
P(spam) ⋅ P(lottery & winning | spam)

# Spam emails with 'lottery' and 'winning'

# Spam emails

Email contains ‘lottery’ and ‘winning’



2 Olaydan Fazla?
EVENT POSTERIOR

Email contains w1, w2,…,w100

P(spam | w1, … ,  w100) =
P(spam) ⋅ P(w1, … ,  w100 | spam) +  P(ham) ⋅ P(w1, … ,  w100 | ham)

1# Spam emails with w , … ,  w100

#Spam emails

?
P(spam) ⋅ P(w1, … ,  w100 | spam)

0



Olasılığı daha hızlı hesaplamanın bir yolu var mı?

The appearances of ‘lottery’ and ‘winning’ are independent

P(A ∩ B) =  P(A) ⋅ P(B)

Naive assumption

P(spam | lottery & winning) =
P(spam) ⋅ P(lottery & winning | spam)

P(spam) ⋅ P(lottery & winning | spam) +  P(ham) ⋅ P(lottery & winning | ham)

(piyango ve kazanma durumlarının ortaya çıkmasının bağımsız olduğu varsayılır)



P(spam | lottery & winning) =
P(lottery & winning | spam)

P(lottery & winning | spam) P(lottery & winning | ham)

Olasılığı daha hızlı hesaplamanın bir yolu var mı?

Naive assumption

P(spam) ⋅ P(lottery | spam) ⋅ P(winning | spam) +  P(ham) ⋅ P(lottery | ham) ⋅ P(winning | ham)

The appearances of ‘lottery’ and ‘winning’ are independent

P(A ∩ B) =  P(A) ⋅ P(B)

P(spam) ⋅ P(lottery | spam) ⋅ P(winning | spam)



Olasılığı daha hızlı hesaplamanın bir yolu var mı?

P(spam | w1, … ,  wn) =
P(spam) ⋅ P(w1, … ,  wn | spam)

P(spam) ⋅ P(w1, … ,  wn | spam) +  P(ham) ⋅ P(w1, … ,  wn | ham)

Naive assumption

The appearances of the words w1, w2, …,  wn are independent

P(spam) ⋅ P(w1 | spam)⋯P(wn | spam)

P(spam) ⋅ P(w1 | spam)⋯P(wn | spam) +  P(ham) ⋅ P(w1 | ham)⋯P(wn | ham)



Naive Bayes: Spam Örneği

20 spam 80 not spam (ham)

14

10

P(spam) =
20

100
=  0.2

P(ham) =
80

100
=  0.8

P(lottery | spam) =
14

20
=  0.7

P(lottery | ham) =
10

80
=  0.125



Naive Bayes: Spam Örneği

20 spam 80 not spam (ham)

15

8

P(spam) =
20

100
=  0.2

P(ham) =
80

100
=  0.8

P(winning | spam) =
15

20
=  0.75

P(winning | ham) =
8

80
=  0.1



Naive Bayes: Spam Örneği

P(spam | lottery) =
P(spam) ⋅ P(lottery | spam) ⋅ P(winning | spam)

P(spam) ⋅ P(lottery | spam) ⋅ P(winning | spam) +  P(ham) ⋅ P(lottery | ham) ⋅ P(winning | ham)

P(spam | lottery & winning) =
0.2 × 0.7 × 0.75

(0.2 × 0.7 × 0.75) +  (0.8 × 0.125 × 0.1)
=  0.913

P(spam) =  0.2 P(lottery | spam) =  0.7

P(not spam) =  0.8 P(lottery | ham) =  0.125

P(winning | spam) =  0.75

P(winning | ham) =  0.1



Makine Öğrenmesinde 

Olasılık



Bayes Theorem
PRIOR

spam

EVENT

P(spam | lottery) =P(spam) =
+

spam

ham

spam and lottery

spam and no lottery

ham and lottery

ham and no lottery

POSTERIOR
lottery

lottery

no lottery

no lottery

ham



Bayes Theorem
PRIOR

spam

EVENT

P(spam | lottery) =P(spam) =
+

spam

ham

spam and lottery

ham and lottery

spam and no lottery

POSTERIOR
lottery

lottery

no lottery

ham

+

spam and no lottery

no lottery



Örnek

Image recognition (Resim Tanıma)

● Resimde bir kedi olma olasılığı nedir?

● P(cat | image) =  P(cat |pixel1, pixel2, … ,  pixeln)



Örnek

● Kişi sağlıklı mı?

● Hesapla P(healthy | symptoms and history)
● Hesapla P(sağlıklı |semptomlar ve hikaye)

Patient 3

Age 29

Gender F

Height 169 cm

eight 62 kg

Smoker No

... ...

Heart rate 63

B ood pressure 1 0 90

Patient 2

Age 29

G
em

ender F
ale 

emale

Height 169 cm

eight 62 kg

Smoker No

... ...

lHeart rate 63

B
2

ood pressure 1 0 90

Patient 1

Age 29
Gender FemaleW

WHeight 169 cm

Weight 62 kg

Smoker No

... ...

lHeart rate 263

Blood pressure 120 90

Classification (sınıflandırma)



Örnek

P(cat |pixels) = 0.9 

Cat

P(cat |pixels)

Model



Örnek

P(cat |pixels) = 0.1 

Not a cat

P(cat |pixels)

Model



Özet



Bayes Teoremi

𝑃(𝐴ห𝐵) 𝑣𝑒 𝑃(𝐵ȁ𝐴) koşullu olasılıkları aşağıdaki gibi yazılabilir. 

𝑃(𝐴ȁ𝐵) =
𝑃 𝐴 ∩ 𝐵

𝑃 𝐵

𝑃(𝐵ȁ𝐴) =
𝑃 𝐵 ∩ 𝐴

𝑃 𝐴

I

II

𝐴 ∩ 𝐵 = 𝐵 ∩ 𝐴

!!!

olduğundan 



Bayes Teoremi

𝑃(𝐴ȁ𝐵). 𝑃 𝐵 = 𝑃(𝐵ȁ𝐴). 𝑃 𝐴

𝑃(𝐴ȁ𝐵) =
𝑃(𝐵ȁ𝐴). 𝑃(𝐴)

𝑃 𝐵

veya

𝑃(𝐵ȁ𝐴) =
𝑃(𝐴ȁ𝐵). 𝑃(𝐵)

𝑃 𝐴

Bayes Teoremi



Bayes Teoremi

Bir koşullu olasılığı hesaplamak bazen olayla verilen olayı yer değiştirmek 

işlemleri kolaylaştırır. 

𝑃(𝑆𝑜𝑛𝑢ç ȁ 𝑆𝑒𝑏𝑒𝑝) Matematiksel Modelimiz (Hesaplamsı Kolay)

Genel Anlamda: Sebep Sonuç
doğrudan 

gözlemleyemiyoruz

doğrudan 

gözlemliyoruz

𝑃(𝑆𝑒𝑏𝑒𝑝 ȁ 𝑆𝑜𝑛𝑢ç) Sonuç çıkarma modelimizi kullanarak bu olasılığı hesaplayabiliriz



Bayes Teoremi

𝑃(𝑆𝑒𝑏𝑒𝑝 ȁ 𝑆𝑜𝑛𝑢ç) =
𝑃(𝑆𝑜𝑛𝑢ç ȁ 𝑆𝑒𝑏𝑒𝑝) . 𝑃(𝑆𝑒𝑏𝑒𝑝)

𝑃(𝑆𝑜𝑛𝑢ç)

𝑃 𝑆𝑒𝑏𝑒𝑝 : 𝑠𝑒𝑏𝑒𝑝𝑙𝑒 𝑖𝑙𝑔𝑖𝑙𝑖 ö𝑛𝑠𝑒𝑙 𝑜𝑙𝑎𝑠𝚤𝑙𝚤𝑘 (prior)

𝑃 𝑆𝑒𝑏𝑒𝑝ȁ𝑆𝑜𝑛𝑢ç : 𝑠𝑒𝑏𝑒𝑝𝑙𝑒 𝑖𝑙𝑔𝑖𝑙𝑖 𝑠𝑜𝑛𝑠𝑎𝑙 𝑜𝑙𝑎𝑠𝚤𝑙𝚤𝑘 (posterior)



Bayes Teoremi

Örnek:    Soğuk Algınlığı           Yüksek Ateş

𝑃(𝑆𝑜𝑛𝑢ç ȁ 𝑆𝑒𝑏𝑒𝑝) Matematiksel MODEL (Hesaplamsı Kolay)

Sebep Sonuç
doğrudan 

gözlemleyemiyoruz
doğrudan 

gözlemliyoruz

𝑃(𝑆𝑒𝑏𝑒𝑝 ȁ 𝑆𝑜𝑛𝑢ç) Sonuç çıkarma modelimizi kullanarak bu olasılığı hesaplayabiliriz

(Hastalık) (Belirti)

𝑃(𝑌ü𝑘𝑠𝑒𝑘 𝐴𝑡𝑒ş ȁ 𝑆𝑜ğ𝑢𝑘 𝐴𝑙𝑔𝚤𝑛𝑙𝚤ğ𝚤) Matematiksel MODEL (Hesaplamsı Kolay)

𝑃(𝑆𝑜ğ𝑢𝑘 𝐴𝑙𝑔𝚤𝑛𝑙𝚤ğ𝚤 ȁ 𝑌ü𝑘𝑠𝑒𝑘 𝐴𝑡𝑒ş) =? Sonuç çıkarma modelimizi kullanarak bu olasılığı hesaplayabiliriz

belirti hastalık

YA

SA Sıtma

Difteri

Enfeksiyon

Romatizma



Hasta Soğuk Algınlığı Yüksek Ateş

1 + +

2 + +

3 + +

4 - +

5 + -

6 + +

7 - -

8 - -

9 + +

10 + -

YA SA

Ω

1 5 2

2

𝑃 𝑠𝑜ğ𝑢𝑘 𝑎𝑙𝑔𝚤𝑛𝑙𝚤ğ𝚤 =
7

10

𝑃 𝑦ü𝑘𝑠𝑒𝑘 𝑎𝑡𝑒ş =
6

10

𝑃(𝑦ü𝑘𝑠𝑒𝑘 𝑎𝑡𝑒ş ȁ 𝑠𝑜ğ𝑢𝑘 𝑎𝑙𝑔𝚤𝑛𝑙𝚤ğ𝚤) =
5

7

𝑃(𝑠𝑜ğ𝑢𝑘 𝑎𝑙𝑔𝚤𝑛𝑙𝚤ğ𝚤 ȁ 𝑦ü𝑘𝑠𝑒𝑘 𝑎𝑡𝑒ş) =
5

6



𝑃 𝑠𝑜ğ𝑢𝑘 𝑎𝑙𝑔𝚤𝑛𝑙𝚤ğ𝚤 =
7

10

𝑃 𝑦ü𝑘𝑠𝑒𝑘 𝑎𝑡𝑒ş =
6

10

𝑃(𝑠𝑜ğ𝑢𝑘 𝑎𝑙𝑔𝚤𝑛𝑙𝚤ğ𝚤 ȁ 𝑦ü𝑘𝑠𝑒𝑘 𝑎𝑡𝑒ş) =
5

6

𝑃(𝑦ü𝑘𝑠𝑒𝑘 𝑎𝑡𝑒ş ȁ 𝑠𝑜ğ𝑢𝑘 𝑎𝑙𝑔𝚤𝑛𝑙𝚤ğ𝚤) =
5

7

𝑃(𝑆𝐴 ȁ 𝑌𝐴) =
𝑃(𝑌𝐴 ȁ 𝑆𝐴). 𝑃(𝑆𝐴)

𝑃(𝑌𝐴)

5

6
=

5
7
.
7
10
6
10

Birinci Çözüm



𝑃 𝑠𝑜ğ𝑢𝑘 𝑎𝑙𝑔𝚤𝑛𝑙𝚤ğ𝚤 =
7

10

𝑃 𝑦ü𝑘𝑠𝑒𝑘 𝑎𝑡𝑒ş =
6

10

𝑃(𝑠𝑜ğ𝑢𝑘 𝑎𝑙𝑔𝚤𝑛𝑙𝚤ğ𝚤 ȁ 𝑦ü𝑘𝑠𝑒𝑘 𝑎𝑡𝑒ş) =
5

6

𝑃(𝑦ü𝑘𝑠𝑒𝑘 𝑎𝑡𝑒ş ȁ 𝑠𝑜ğ𝑢𝑘 𝑎𝑙𝑔𝚤𝑛𝑙𝚤ğ𝚤) =
5

7

𝑃(𝑌𝐴 ȁ 𝑆𝐴) =
𝑃 𝑌𝐴 ∩ 𝑆𝐴

𝑃 𝑆𝐴
=

5
10
7
10

=
5

7

İkinci Çözüm

𝑃(𝑆𝐴 ȁ 𝑌𝐴) =
𝑃 𝑆𝐴 ∩ 𝑌𝐴

𝑃 𝑌𝐴
=

5
10
6
10

=
5

6
𝑃(𝑆𝐴 ȁ 𝑌𝐴) =

𝑃(𝑌𝐴 ȁ 𝑆𝐴). 𝑃(𝑆𝐴)

𝑃 𝑌𝐴
=

5
7
.
7
10
6
10

=
5

6

𝑃 𝑆𝐴 ∩ 𝑌𝐴

(zor)(zor)



Marjinal ve Koşul Olasılık

Marjinal olasılık, birden fazla olayın gerçekleştiği bir durumda diğer olaylar 

dikkate alınmayıp sadece bir olay için bulunan olasılığa marjinal olasılık denir.

Bir A olayının marjinal olasılığı P(A) ile gösterilir.



Örnek



Örnek

e. Rastgele seçilen bir erkek öğrencinin başarılı olması olasılığı?   𝑃(𝐵𝑎ş𝑎𝑟𝚤𝑙𝚤ȁ𝐸𝑟𝑘𝑒𝑘)

f. Rastgele seçilen bir kadın öğrencinin başarılı olması olasılığı?    𝑃(𝐵𝑎ş𝑎𝑟𝚤𝑙𝚤ȁ𝐾𝑎𝑑𝚤𝑛)

g. Rastgele seçilen bir erkek öğrencinin başarısız olması olasılığı? 𝑃(𝐵𝑎ş𝑎𝑟𝚤𝑠𝚤𝑧ȁ𝐸𝑟𝑘𝑒𝑘)



Çözüm-1



Çözüm-2 (Olasılık Ağacı)



Çözüm-3

𝑃 𝐵 = 𝑃 𝐴 . 𝑃 𝐵ȁ𝐴 + 𝑃 𝐴𝑐 . 𝑃 𝐵ห𝐴𝑐

𝑃 𝐵𝑎ş𝑎𝑟𝚤𝑙𝚤 = 𝑃 𝐸 . 𝑃 𝐵𝑎ş𝑎𝑟𝚤𝑙𝚤ȁ𝐸 + 𝑃 𝐾 . 𝑃 𝐵𝑎ş𝑎𝑟𝚤𝑙𝚤ȁ𝐾
?

𝑃 𝐵𝑎ş𝑎𝑟𝚤𝑙𝚤 =
110

200



Toplam Olasılık Teorisi

A1, A2, … An olayları Ω örnek uzayının bölümleri olsun. (Karşılıklı ayrık ve birlikte 

kapsayıcı) (𝐴𝑖 ∩ 𝐴𝑗 = ∅)

B olayı örnek uzayında tanımlı başka bir olay olsun bu durumda B olayının 

olasılığı  (𝐴1 ∪ 𝐴2 ∪ … ∪ 𝐴𝑛 = Ω) aşağıdaki gibi hesaplanabilir.

𝑃 𝐵 = ෍

𝑖=1

𝑛

𝑃 𝐴𝑖 . 𝑃(𝐵ห𝐴𝑖)



Toplam Olasılık Teorisi

İspat:

A1

A2

A3

A4

B2

B3

B4

B

Ω

𝐵 = 𝐵1 ∪ 𝐵2 ∪ 𝐵3 ∪ 𝐵4

𝐵 = (𝐴1∩ 𝐵) ∪ (𝐴2∩ 𝐵) ∪ (𝐴3∩ 𝐵) ∪ (𝐴4∩ 𝐵)

𝑃(𝐵) = 𝑃(𝐴1 ∩ 𝐵) + P(𝐴2∩ 𝐵) + P(𝐴3∩ 𝐵) + P(𝐴4∩ 𝐵)

𝑃(𝐵) = 𝑃(𝐴1)𝑃(𝐵ȁ𝐴1) + ⋯+ 𝑃(𝐴4)𝑃(𝐵ȁ𝐴4)

𝑃(𝐵) = ෍

𝑖=1

4

𝑃(𝐴𝑖)𝑃(𝐵ȁ𝐴𝑖)



Toplam Olasılık Teorisi

A1

A2

A3

A4

B

Bc

B

Bc

B

Bc

B

Bc

𝐴1 ∩ 𝐵 = 𝐵1

𝐴1 ∩ 𝐵𝑐



Toplam Olasılık Teorisi

P(Ai) → Ai bölümü için ön bilgi (önsel olasılık)

B olayı gözlemlendiğinde Ai’nin olasılığı

𝑃(𝐴𝑖ȁ𝐵) =
𝑃(𝐴𝑖 ∩ 𝐵)

𝑃(𝐵)

sonsal 

olasılık

=
𝑃 𝐴𝑖 𝑃(𝐵ȁ𝐴𝑖)

𝑃(𝐵)

=
𝑃 𝐴𝑖 𝑃(𝐵ȁ𝐴𝑖)

σ𝑗=1
𝑛 𝑃 𝐴𝑖 𝑃(𝐵ȁ𝐴𝑖)

toplam 

olasılık 
teorisi

BAYES TEORİSİ



Genel Bayes Teoremi

Şayet A1, A2, … An olayları örnek uzayının bölümleri olsun. Örnek uzayında 

tanımlı herhangi bir B olayı verildiğinde uzayın herhangi bir bölümünün olasılığı 

aşağıdaki şekilde bulunabilir

𝑃(𝐴𝑖 ȁ𝐵) =
𝑃(𝐵 ȁ𝐴𝑖). 𝑃(𝐴𝑖)

𝑃 𝐵

=
𝑃(𝐵 ȁ𝐴𝑖). 𝑃(𝐴𝑖)

σ𝑖=1
𝑛 𝑃(𝐵 ȁ𝐴𝑖). 𝑃(𝐴𝑖)



Örnek



Çözüm



Örnek

Önceki örnekte çekilen malzeme bozuk ise bunun 2.kutundan çekilmiş olma 

olasılığı nedir?



Çözüm



Ödev
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